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C Technical Results on Fitting-In Functions

The following results are proved in Nocke and Schutz (2018):
Lemma 5. The following holds for every o € (0,1]:

(a) For every x > 0,
_ 15(@)( ~ 5(2))(1 ~ aS(z))

@) = T 1= 50 + as@? (28)
(b) The elasticity of S, e(x) = x5'(x)/S(x), is strictly decreasing in x.
(c) S is strictly concave.
Proof. See Section XIII.3 in the Online Appendix to Nocke and Schutz (2018). O

We also require the following lemma:

Lemma 6. The continuous extension of S to R, is C*. Moreover, S(0) =0,

S(0) = {(xlaa under NCES demand,
e ! under NMNL demand,
and S”(0) = —2a.5"(0)2.
The inverse function © = S~ is C? on [0,1). Moreover, ©(0) =0, ©'(0) = 1/5(0), and
©"(0) = 2a/5(0).
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Proof. We start by computing lim, o 5@ Tn the NMNL case,

T

S(ZE)_ -m(z) _ -1 -1
r 0 TP \ITsw)) e

In the NCES case,

M - amaE = (1- ) e

X

Differentiating equation (28), we obtain

$(z) = — (S(fﬂ)> a(2 = 5(z))(1 = S())(1 2—30&5(93))'
x (1— S(z) + aS(z)2)

Taking limits yields S”(0).
As S is C? with strictly positive derivative on R, that function establishes a C2-diffeomorphism
from R, to

[5(()), lim S(x)) —[0,1).

T—00

It follows that © is C2. Moreover,

1

o) = goEny

Hence,

S"0)  2a

" _ 1 _
0= "5m 502 ~ 50)

D Consumer Surplus Effects: Static Analysis

Proof of Proposition 3. Recall that () is the elasticity of S (see Lemma 5) and that the

cutoff type solves the equation:
™ T/

fem




Totally differentiating this equation, we obtain:
TN\ ar™ 1M (TM 3 T (TS

S, - S - S, 9
H* | dH* H* H* H* H~

[ ™ 7! T!
( S(H* ~ L\ S(H)
fem

H
f

™ T
-3 () < ()

where the third line follows by definition of TM and the last line follows from Lemma 5 and
from the fact that 7™ > T for every f € M. H

O&s

Proof of Proposition 4. Note that
v ST(S(B)+5 (%) 5 (Tf Tg)

f o Tf T9 PR .
7+ 19 T o H

where

S (S(z) + S(y))
rT+y

{(w,y) , Va,y>0.

Proving the proposition therefore boils down to showing that 9¢/0x > 0 and 9¢/dy > 0. By
symmetry, this is equivalent to proving that 9¢/0x > 0, which we undertake next.

Differentiating & with respect to x, we obtain:

05 _ STH(S(z) + S(y) (z +y) x 5" (x) _
Ox (z+y)? S71(S(x) + S(y)) XE’OS”(S(:U) +5(y))
=¢(z,y)

Let z = S71(S(z) + S(y)). By definition, S(z) = S(z) + S(y). Moreover, by subadditivity of
S, z > x +y. Assume first that x < y. Note that

(z +y)S'(x)
28'(z)
_ (e +y)5(2)/(S(z) + 5(y))
25'(2)/S(2) ’

Y(w,y) =




2S'(x) _S(x) 4 wS'(z) _S(y)
_ S S@)+5@) S(y) S(=)+S5(y)
e(2) ’
zS'(x) _ S(x) + yS'(v) _ SW)
S(x) S(=)+S() S(y) S)+S(y
e(z)
S(x)

5(y)
£(0) smrsm T EW s@isw
(2) ’

S(z) S(y)
ez + ez
> ( )S(xHS(y) ( )S(xHS(y) , as ¢ is decreasing (see Lemma 5),

e(2)

>

) , by concavity of S (see Lemma 5),

= 1.

Therefore, 0¢/0x > 0 whenever x < y.

Next, assume for a contradiction that ¢(x,y) < 1 for some x > y. Take the smallest such
z. By continuity, this x exists, and satisfies x > y (as shown in the first step of the proof)
and 1 (z,y) = 1. Note that

—_— "(z) + (z "(x))28'(2) — (z "(z) | S'(x ,a:zS”(z)
5 (S @+ @08 580 - e+ 980 (8100 + 5@ 55 ) ).

= [ (= "(x)2S"(2) — (x 'q:QZSH(Z) as Y(x.y) =
- o (8@ - @+ NE@PE ) s v -1
@9 (g S
- (s< )S'(2) — (@) S,(Z)),
@+ 9)a(5'@)’S'(2) ( @) 8 )

GG S@E 7))

Next, we argue that S”(-)/(S’(+))? is decreasing. Recall from Lemma 5 that

oy 18(@)(1=5()(1 —aS(z))

) = T TS 1 as@E

It follows that

_a2=5(@))(1 = 5())(1 = aS(x))S(x)*
22 (1= S(z)1 + ozS(:U)2)3

S"(x) =

Hence,

S"(x) a(2 - S(z))

(S"(@)? (1= 8(@)(1 —aS(@)) (1 - S(z)1 +aS(x)?)

As S(+) is strictly increasing, the above expression is strictly decreasing in x if and only if

a2 —s)
1—s)(1—as)(l—sl+as?)

p(s) = (

is strictly increasing in s. Routine calculations show that ¢'(s) > 0 for every s € (0,1) and



a € (0,1]. Therefore, 0Y(z,y)/0x > 0. It follows that ¢ (z’,y) < 1 in a small neighborhood
to the left of x. This contradicts the definition of x. We can conclude that £ is increasing in
both of its arguments, which proves the proposition.* O

E External Effects

We begin by deriving the formula for n(H) (equation (12)):

Lemma 7. n(H) is given by:

U(H) =—-1+ Z¢(Sf7a)7

where s/ = S(TV/H), and

B as(l —s) . N
(s, ) = 1= as)(1 s+ as) Vs € (0,1), Ya € (0,1].

Proof. This follows from the definition of  and from the fact that

RSN ) R S
' (z) = 2a s ™) = Ty
o S@0-S@)(1-aS()
= A as@)? 1= 5() + a8 (2)? , by Lemma 5,
_ aS(x)(1— S(x))
(1—aS(z))(1—S(x)+aS(x)?)’
= ¢(S(z), a). O

Next, we put on record the following facts about the function ¢:
Lemma 8. Let & = % + ‘{—37;’ ~ 0.82. The function ¢ has the following properties:
(a) For every s € (0,1), ¢(s,-) is strictly increasing.
(b) If « < &, then ¢(s,a) < s for every s € (0,1).
Moreover, if a > &, then there exist thresholds s*(«) € (0,1] and $(«) € (1/4,1) such that:

(c) o(-, ) is strictly increasing on (0, s*(«)) and strictly decreasing on (s*(«),1).

'To see why TM — (T +T9) > TM — (T/" +T9") (as mentioned in footnote 21 in the article), note that

™ —(1f +19) TM _(Tf+719) TM _(TI" 4719
> >
T +T9' T +T9 T +T9' ’

where the first inequality follows from the fact that 77 + 79 > T/ "+ 79 and the second inequality follows
from the first part of the proposition.



(d) ¢(-, ) is strictly convez on (0, 5(«)) and strictly concave on (§(a),1).

Proof. We prove the lemma (analytically) using Mathematica. Mathematica files are avail-
able upon request. O

We are now in a position to prove the proposition:

Proof of Proposition 7. We begin by proving the first part of the proposition. If o < &, then,
by Lemma 8, ¢(z, ) < x for every x € (0,1). As outsiders’ market shares add up to strictly
less than 1, Lemma 7 immediately implies that any infinitesimal CS-decreasing merger has a
negative external effect. Hence, any (not necessarily infinitesimal) CS-decreasing merger has
a negative external effect.

Next, suppose a > &, and define

S = US”, where §" = {s € [0,1]" : Zsi <1} Vn>1,
n>1 i=1

S= US", where S = {s € [0,1]" : Zsizl} Vn > 1,

n>1 i=1

and

U(a) = suqub(-,a), Va € (a,1],

seS B

where

Z(lﬁ(‘,&) = Z(b(si,a), Vs = (5i>1§i§n € S, Va € (0, 1]
s 1=1

Clearly, as ¢(x, ) > 0 for all z, we have that ¥(a) = sup,cs >, ¢(-, @). Next, we claim
that U(a) = sup,cg »., ¢(+, ). To prove this, we show that, for every s € S, there exists

s € 8% such that
Z ¢(7 O_/) < Z ¢(, Oz).

If s belongs to 8™ for some n < 4, or, more generally, if s has at most four components
different from zero, then this is obvious. Assume instead that s has five or more components
different from zero. Assume without loss of generality that s € S" for some n > 5, that
s; > 0 for every 7, and that the components of s; have been sorted in increasing order. We
construct s’ by induction.

Let us first define a function &, which takes as argument a profile of market shares 5 € S™
sorted in increasing order and with strictly positive components, and returns a profile of
market shares £(§) sorted in increasing order and with strictly positive components, such

that either £(3) € 8™, or £(3) € S™~1. £(3) is defined as follows:
o If 55 > 5() (or if 5 € 8'), then £(3) = 3.

o If 5, < §(a), then do the following:



— If §; + 53 < (), then form the (m — 1)-dimensional vector with first component
$1 + 82 and remaining components (8;)s<;<m, and sort that vector in increasing
order to obtain £(5).

— If instead §; + 82 > §(«), then form the m-dimensional with first component
§1 + 82 — (), second component §(«), and remaining components ($;)3<;<m, and
sort that vector in increasing order to obtain £(3).

Note that, as ¢,(-) is convex on [0, 5(v)], we have that, for every 5§ € S

qu(-,a) <> ¢ a).

£(3)

0

We can now define the sequence (s¥);>o by induction: s = s; s**1 = £(s*) for every

k > 0. Let m* denote the number of components of s* greater or equal to 3(c), and n”

*. By definition of ¢ and of the sequence (s*)g>o,

denote the dimensionality of the vector s
the sequence of integers (m*)g>o (resp. (n*)g>0) is non-decreasing (resp. non-increasing) and
bounded above by n (resp. bounded below by 1). Therefore, those sequences of integers are
eventually stationary: there exists K > 0 such that mF = m**! and n* = n**! for every
k > K. Tt follows that (s%)z>0 is also stationary after K. Let s’ be the stationary value of

the sequence (s*);>. Then, by induction on k,
Z ¢(7 Oé) < Z Qboa('a CY).

Moreover, s’ has at most one component in [0, §(«)) (for otherwise, £(s") would not be equal
to §'). Let n’ be the dimensionality of the vector s’. We claim that n’ < 4. Suppose n’ > 1.
Then,

n’ 1
1= E sgz(n’—l)é(a)>1><(n’—1),
i=1

where the last inequality follows by Lemma 8. Hence, n’ < 4. Having constructed s’, we can
conclude that

V(o) =sup ¥ dal- ). (29)
seSt

By continuity of ¢(-,«) (or, rather, of ¢(,«)’s continuous extension to [0, 1]) and com-

pactness of S4, the maximization problem defined in equation (29) has a solution. Let s

be such a solution. Then, by the convexity argument used in the construction of s, s has

a most one component in (0, $(cv)). Moreover, as ¢(-, «) is strictly concave on [§(«), 1], the

components of s that are greater or equal to §(«) must be equal to each other. It follows
that

¥(a) = max max <(b(x,oz) +o(1 — 3, 0), ¢z, a) + 26 (1;“’,a) L o(z, @) + 3¢ (1 _x,oz>> .

z€[0,1] 3



We (analytically) solve the above maximization problem using Mathematica. We obtain:

180 : 6
V() = {18—3a—a2 if o< 7,

ﬁzg otherwise.

It is straightforward to check that W is strictly increasing, and that ¥(&) < 1 < W(1). The
unique solution of equation ¥(«) =1 on the interval (&, 1] is @ = 3(v/57 — 7).

We can conclude. Assume first that a € (&, a]. Then, for every profile of outsiders’
market shares (s/)co,

> (s, a) <¢<1—Zsf,a> +) o)) < V(o) < T(a) = 1.

feo feo feo

Therefore, any CS-decreasing merger must have a negative external effect.

Assume instead that o > a. We first show that there exists an infinitesimal CS-decreasing
merger that has a negative external effect. Let O = {1} and Z = {2,3}. As ¢(-, ) is
continuous and ¢(0, ) = 0, there exists s € (0,1) such that ¢(s,a) < 1. Let Tt = S71(s),
T?=T3=S5"1((1-s5)/2), and H® = 0. Then, by construction, the pre-merger equilibrium
aggregator level is H = 1, and market shares are as follows: s' = s, s = s = (1 — 5)/2.
The external effect of an infinitesimal CS-decreasing merger between firms 2 and 3 is given
by ¢(s,a) — 1, which is strictly negative by construction.

Next, we claim that there exists an infinitesimal CS-decreasing merger that has a positive
external effect. As U(a) > 1, there exists (s;)1<i<n € (0,1]" such that >  's; < 1 and
Sor é(si,«) > 1. By continuity, for ¢ > 0 small enough, > "  ¢(s; —e,a) > 1. Let
O={l,....n},T={n+1,n+2}, s =s;—cforeveryic O, s =3 <1 —Z?le’j) for
i€, T = S~1(s") for every i € ZUQO, and H° = 0. Then, by construction, an infinitesimal
CS-decreasing merger between the insiders has a positive external effect.

As any CS-decreasing merger can be decomposed into the integral of infinitesimal CS-
decreasing mergers, and as a CS-decreasing merger can be made infinitesimal by tweaking
the post-merger type of the merged entity, the above existence results extend immediately
to non-infinitesimal mergers: if a > &, then there exist CS-decreasing mergers that have a
positive external effect, and CS-decreasing mergers that have a negative external effect.

We now turn to the second part of the proposition.
(i) It is easy to show that s* = inf,cpa 1) s* (o) ~ 0.68, where s*(a) was defined in Lemma 8.

Let s = (s/)co and s’ = (s")cor such that s >; &', and s/ < s* for every f € O. There
exists an injection x : @ — O such that s*(/) > s'f for every f € O'. Note that

—1+ Y o) < -1+ Y (") < 14 ) o(s! ),
f f

o4 e’ ferFr

8



where the first inequality follows by Lemma 8, and the second inequality follows by injectivity
of k and non-negativity of ¢.

(ii) It is easy to show that § = inf,ca 1) 8(a) ~ 0.29, where 5(o) was defined in Lemma 8.
Let s = (s/)jco and s’ = (s")cor such that s >3 s, s/ < § for every f € O, and s < §
for every f € O'. As s >, &, those vectors have the same length, and we can assume that
O =0 ={1,...,n} without loss of generality. Note that

14 Yol a) = —1 40 [ ole)an(a),
f=1 0

> 1 dP, (),
> +n/0 oz, 0)dPy (z)
:—1—|—Z¢(s'f,a)

f=1

where the inequality follows from the convexity of ¢(-, ) on [0, §] (see Lemma 8), and the
fact that fo xdPs(x fo xdPy(x) and Py second-order stochastically dominates P;. O

F Proof of Proposition 8

We prove a series of lemmas that jointly imply Proposition 8.

We begin by approximating pre-merger consumer surplus:
Lemma 9. The pre-merger level of the aggregator is H*(s) = # Moreover, in the
ge
neighborhood of s = 0,

CS(s)zlogHO—l—ZSf (ZS> +o (|Is[”) -

feF feF
Proof. The first part of the lemma follows immediately from the equilibrium condition

HO
s9 =1.

geF

The second part of the lemma follows from the fact that, in the neighborhood of x = 0,

1
—log(l—z)=x+ sz + o(z?). O

Next, we compute the first and second (cross-)partial derivatives of the type vector T'(s):



Lemma 10. For every (f, f') € F?,

o1/ :{% iff=1r,
s=0

dsl" | _ 0 otherwise.

For every (f, f', ") € F3,

a2l +a) if f=f=f",
if ' # f and f" # f,

otherwise.

o0*T/
0sf'0s" | _, o
57(0)

e

Proof. Let f € F. As s/ =S <H7,:€s)>, we have that

O(s!)
1— de]—' 59

where we have used the inverse function © that was defined in Lemma 6.
Note that, for every (f, f', f") € F3,

T/ = H*S7'(s7) = H° = H°9(s")W(s),

ow
v()=— =1
0= -1
0*W 5
dsfosl'| _,

Therefore, for every (f, f') € F?,

f ! = f
a_Tf/ = H° (&;)\P(S) —0—@(8f)a_\1;/) _ ) 50 1 f=1f
88 s=0 88 aS 5=0 0 lff#f/

Finally, for every (f, f', f") € F3,

)

ov

T | L (60) U 08(sh) 9V 96(s)
dst'0si"| _, 0sl'0sl” 0sl'0sl” osl" 0sl” 0sl”
0 (82@(3f) 00 (s?) 8@(sf))‘
0

U(s) +O(sh)

0st'0st” Osl' osf"”
O"(0)+20'(0) if f=f=f",
=H"%x <0 if f/f"# f,
©'(0) otherwise,

10

0st’

s=0



O R
=55 (1) if £, 7 £ f,

otherwise. O

We now use Lemma 10 to obtain a second-order Taylor approximation of T7(s) in the
neighborhood of s = 0:

Lemma 11. In the neighborhood of s = 0,

Tf(s):SZO)< +a(s +szsg>+0H 7).

geEF

Proof. By Lemma 10, first-order terms are simply given by %sf . Second-order terms are

given by
SZS)% (2(1 +a)(sh)? + 257 Z sg) = S’(((;) (a(sf)2 + s Z sg> :
g#f geF
The lemma follows by Taylor’s theorem. O]

To ease notation, let H(s) = H*(5(s)) be the post-merger level of the aggregator. We
now provide an approximation of the market power effect of the merger, measured in terms
of consumer surplus—the first part of Proposition 8:

Lemma 12. In the neighborhood of s = 0,
CS(3(s)) — CS(s) = —a AHHI(s) + o(||s]|?).
Proof. By definition of H, we have that
72 (f)
gEF
Totally differentiating this expression, we obtain:

dH [ H° T9 1 T9 o1
| = + S/ + = S = —d =
o\ Z H (H) 7 (H)f sl

geF ge

Hence,

oH def S' (H) g:gfg
s/ HO+ Y #T95" (&)

11



Hence, by Lemma 11 and as T = Y7 _ /T,

of .
a7

s=0

Next, we compute the Hessian of H. Note that, for every f, f' € F

OH 0, | 0?19, 1 019919 _, 0
T aer XX g ((Z (—asfasffs O+ 73557 357 “”)) H

geF
orT
g0 _/
H ( asfS()>),
geEF

279 1 0T9 9T 9
_H0+Z( 0 S'(0) +—a—8 S”(O)) — a—S’(O),

O*H
0sf0s!" | _

0sfost’ HY 9sf 0sf’ 0sf
geF geF

T 1 979 9T,
= Y (5050 + 315507 5550 )

geF

2 M M M
(aT , 1 oT™ 9T S,,(()))

asfasf's (0) + HO 9sf 0sf’

PTI 1 9T99T9 _,
* Z@ (—asfasf' SO+ 10557 57 <O>) -

ge

Assume first that f € O and/or f/ € O. Then, by Lemma 11 and as T™ = 2 gem T,

- 2110 it # L
P ry— = 0 \? 1" ; /
ds1ds |, S22+ )S(0) + o (g7) S"(0) i f =,

=2H°,

Next, assume instead that f, f/ € M. Then,

2
o ’ 2H° + 45 (57) 5"(0) i f £

fosf'| : Zanyy :
957057 | | JH52014+ )S'(0) + 4 (d5) S7(0) i £ = ",

21 —a) it f#
| 2H° if f=f.

12



By Taylor’s theorem,

A= + (2 50 st 20 5 ot | ol

fer fr9eF f,9eM
f#g
2
=H'|1+) s+ (Zsf) —a Y s +ollls]?).
ferF ferF f,}yiM
g

Using the fact that log(1 4+ z) = x — %mQ + o(z?) in the neighborhood of x = 0, this implies
that

1ogﬁ(s)zlogH0+Zsf+<Zsf> —a Y s 39——<Zs> +o(lls]l),

feF feF fgeM feF
=log H*(s Z 5759 + o(||s]|?), by Lemma 9,
f:geM
f#g
= log H*(s) — a AHHI(s) + o(||s]|?)- O

Next, we approximate post-merger market shares:
Lemma 13. In the neighborhood of s = 0, for every f € O
sh= s +o(||sl?).
and

M = 3" s — o AHHI(s) + of[s]]?).

fem

Proof. By definition, for every f € F, 5/ =8 (Tf/ﬁ). For every f' € F, we have:
o8 _ 1L (o1 oY o (1)
ost'"  H \0s" H 0osl H)

:{o if f# f and (f # M or f' ¢ M),
s=0

1 otherwise.

It follows that
05!
0st’

For every f € F and f, f” € F,

0?3’ OH 1 o017 , 1 [ 0*T/ 1017 0H\ _,
7 1" = - 7 —9 7 (O) + = 7 A 7" ’ (0)
ost'os!" | _, os!" F° 0st 0sI'0s1"  H 0s1" 0sf

13



1 o171 o1/
+ —2 8 f/ a f// ( )7
H s/ Os

—ia—Tfs'(o)Jri( T an)S,() 1 o1t or/
HO 9sf’ dsf'0st” sl (H)2 0sf" 9sf"
_8N0) [ o0*Tf or’ o1’ S"(0) oTs o1
- HO ((%f'@sf” o8t 8sf”) (HC)2 0sf" 9sf"”

Suppose first that f # M, so that f € F. Clearly, if f' # f and f” # f, then,

0%sf
_ = 0.
0sf 0st"”

s=0

If f” # f, then

025/ _8N0) [ o0*T B orty
dsfosi”|_, HO \9sfosl” 9sf )
Finally,
0257 _sN0) (T 28Tf S” orT/
(s, H® \O(s/)? Ost Os

Ostf
S(0) [ H° S(0)
= H <s'<o>2(”“)‘2 50) +<HO>2( 50 >) ’
= 0.

Next, assume that f = M. Clearly, if f', f" ¢ M, then

62§M
ost'0sf" | _, =0
Next assume that f” ¢ M and f" € M. Then,
0?sM _S(0) [ oTM B orM
Os'0si" | _,  HO \9s/'9sf”  0sl’

S0y oot ort
 HO \9sf'os!”" 0Osl’
=0.

Next, assume that f’, f” € M. Then,
0?sM

dsl'0s/" | _,

S’(O)( o™ ot/ an"> S"(0) 0T/ oT!”

HO \9sF9si” — 9sl”  dsl” (H%)2 9sf" 0s1"’

- (aangf - QSZ;) * 5H<?) (Sim)

14
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Hence, if f' = f”, then
*sM

0s'0s!" | _

- (5677 ~25m) * {7 (S}fm)
=0.

If instead f’ # f”, then

9?sM ~50) [ o*TY . T , L 5"0) H° \?
as'0s/" |,  HO \0sf'0s/" T 0sl'0st” S7(0) (H9)?2 \ S"(0)) ~’
= —2aq.
The lemma follows by Taylor’s theorem. O

Let

(s) =Y (1 _1an - 1) and TI(s) = Z (1 _1a$f - 1)

fer feF

be aggregate profits, pre- and post-merger, respectively.

Lemma 14. In the neighborhood of s = 0,

II(s) — TI(s) = o([|s[|*)-

—— =1+ az + a?2? + o||z||*) in the neighborhood of 2 = 0,

() =ad s/ +a*> (s))?+o([s|),

feF feF

Proof. By
we have that

and

=

1 1
- —1
(5) 1 —asM +Z(1—a§f )’

feo

= Zsf—a Z sfs9 —|—042<Zsf) +ozZs + « Z )%+ o(||s]]?),

fem f,geM fem feo feo
f#g

=a) s/ +a> (1) +o(|s]*),

feF feF
=1(s) +o([ls]*). 0

Combining Lemmas 12 and 14 proves the second part of Proposition 8:

15



Lemma 15. In the neighborhood of s = 0,

AS(5(s)) — AS(s) = —a AHHI(s) + o(|s]|?).

G Approximation Results Around Monopolistic Com-
petition Conduct

This appendix is organized as follows. We first provide more details on our treatment of firm
conduct in Appendix G.1. We then prove Proposition 9 in Appendix G.2.

G.1 Firm Conduct

In this subsection, we derive fitting-in functions for any conduct parameter 6 in the more
general framework with broad firms, as introduced in Appendix B. (The case without nests,
studied in the main text, can simply be obtained by setting f = 1 in what follows.) The
first-order condition for product i € n € f is given by

HB ! / " aHn ZjEn(pj _cj)h;‘
b (- -+ (- gy S

which can be rewritten as

i — cipili jen\Pj — G 2
i n lEf le

so that the common (-markup property within nest n continues to hold. Let fi,, be firm f’s
t-markup in nest n. Then, using equation (18), equation (30) simplifies to

fin (1 —a(1—B)) = 1+9&B%Z[HHF, (31)
lef

so that fi,, = fi,s = ji/ for every n,n’ € f. Using the common -markup property both within
nest and across nests allows us to further simplify equation (31):

pr(1—a(l—p)) =1+60apn’s’.
Defining p/ = jif (1 — a(1 — B)) as we did in Appendix B, this implies that

f_ 1

K 1 —fasl’
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As the conduct parameter # does not affect the demand system, it is still the case that

g {%f (1 —(1- Oz)pf)ﬁ under NCES demand, (33)

%f e under NMNL demand.

Thus, firm f’s markup and market share jointly solve equations (32) and (33). This pins
down the fitting-in functions m(T7/H,0) and S(T//H,0). The profit fitting-in function is
given by

w(T7/H,0) = %ZHfl > oy =) (=h)),

lef Jef

= %ﬂfd; Hf, using equation (18),

= ap's’, by definition of 1/, s/, and «,

=am (%,8) S (%,9) ,
as (47.0)
1 a6s (%.0)

The equilibrium aggregator level H*(#) uniquely solves the equation
H° T/
— —, 0 =1 4
s () (349)
feFr

It is easy to see that H*(0), m(-,0), S(-,0), and = (-,0) all tend to their value under monopo-
listic competition as 6 tends to 0, and to their value under fully-fledged oligopoly as 6 tends
to 1.

G.2 Proof of Proposition 9

We begin by proving a series of preliminary lemmas. Computing the partial derivatives of
S(z,0) at = 0, we obtain:

Lemma 16. For every a € (0,1] and x > 0,

a8 _ S(x,0)
0z | (.0 r
S
d — =— 2,
and — - aS(x,0)
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Proof. Under NMNL demand,

Szxe_m:mexp<—1 105).

ds = 2 dx — S2do.
A

Hence, at 6 = 0,

which proves the lemma for the case o = 1.
Under NCES demand,

o l—a \T° 1—-608 \ =
S=z(1—(1—-a)m) a—x(l—l_eas) _w(al—ﬁaS) .

Hence, at 6 = 0,

S « 1 —abS 1
=2 —0(1 — 1—
dS xdaﬁLl—aSl—HS (1—04(95')2<( 0( afS) + afd( 05))dS

+(=S(1 — ab8) + aS(1 — 05)) db),

= §dx —aS?
x

which proves the lemma for the case a < 1. O

Next, we relate pre-merger consumer surplus CS(f) to the pre-merger Herfindahl index
HHI(6):

Lemma 17. The following holds:

dlog H*
do

= —a HHI(0).

0=0

This implies that, in the neighborhood of 6 = 0,
CS(0) — CS(0) = —a HHI(0)0 + o(0).
Proof. Totally differentiating equilibrium condition (34), we obtain:

dH* ( H° T 85 T! a8 (T!
-= <ﬁ+zﬁm (Fe)) +d0;% (Fe) = 0.

fer

Evaluating the above expression at # = 0, and using Lemma 16 and the equilibrium condition,
we obtain:

dH* Tt 2
e as (—0) =0,
H+(0) J; H*(0)
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which proves the first part of the lemma.
The second part of the lemma follows by Taylor’s theorem:

CS(6) — CS(0) = —a HHI(0)8 + o(6) = —a HHI(6)A + o(6),

where the second equality follows as HHI(6) — HHI(0) is at most first order. O

Let I1(#) denote aggregate equilibrium profits when the conduct parameter is . We
compute I1'(0):

— 2 Tt
Lemma 18. II'(0) = o* HHI(0) >,z S (H*—(O),O)
Proof. Let n/(0) = as/(0)/(1 — afs’(0)) denote firm f’s equilibrium profit. Note that

T/ dlog H*
0y = (- dlog oS _'_@
H* do O(Tf/H*) 00

= a HHI(0)s7(0) — a(s7(0))2.

Hence,
m'(0) = a (s7(0) — s/ (0) (—as’(0))) = o® HHI(0)s/(0).

Adding up over all firms proves the lemma. O]

Combining Lemmas 17 and 18, we obtain an approximation of pre-merger aggregate
surplus around monopolistic competition conduct:

Lemma 19. In the neighborhood of 8 = 0,
AS(0) — AS(0) = —a HHI(0) <1 — Z sf(9)> 0+ o(0).
fer
Proof. Lemmas 17 and 18 and Taylor’s theorem imply that
AS(#) — AS(0) = —a HHI(0 (1 =) s’ ) 0+ o().
feF
The lemma follows from the fact that
HHI(0) (1 - sf(O)) — HHI(9) (1 - sf(9)>
fer fer
is at most first order. O

We are now in a position to prove the proposition:
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Proof of Proposition 9. In the following, X (6) refers to the post-merger level of the variable

X(6). Let
50)= 55 (7:77) ) )

be the firms’ aggregate pre-merger market share. Note that CS(0) = CS(0), AS(0) = AS(0),
H*(0) = A (0), $(0) = 5(0), and HHI(0) — HHI(0) = AHHI(0).
Using these equalities and Lemma 17, we obtain:

S(6) —03(9) —o (HHI(6) — HHI(6)) 6 + o(6),
—a (HHI(0) — HHI(0) + (1))  + o(8),
= —a AHHI(0)0 + 0(6),
= —a (AHHI(9) + 0(1)) 6 + o(6),
= —a AHHI(0)0 + 0(0),

which proves the first part of the proposition.
Similarly, using Lemma 19, we obtain:

S(6) — AS(6) = —a(THI(9) (1 — a3 (6)) — HHI(A) (1 — a3 (8 ))>9+0(9),
(

1 — aX(0)) (HHI(0) — HHI(0)) 6 + o(#

)
1 —a%(f) + o(1)) (AHHI(6) + o(1 ))9+ o(6),
)

(T )
— —a(THI(0) 1—a2(0))—HHI(O)(1—aZ( )) +o0(1)) 0+ o(6),
( ) (
(
—a(1— aX(8)) AHHI(9)0 + o(6),

which proves the second part of the proposition. O

H Proof of Proposition 10

Proof. Fix a profile of prices p~/ for firm f’s rivals, and let N7/ = J,, 1. Define

B
H"=H"+ Y Z(Zm@;ﬁ) >0,

geF\{f} leg \jel

and
e (e b)) 7 S (b — ) (1))
HY + 3¢ (X hi(ﬁ“z‘))ﬁ

for every profile of prices p = (p;);ens. Note that G(p) is the profit firm f receives when it
sets the price vector p and its rivals rivals set the price vector p~f. Our goal is to show that

G(p) =P

)
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the maximization problem

max G(p)

perl]
has a unique solution, and that the price vector p solves that maximization problem if and
only if it satisfies the first-order conditions.

The proof follows a similar development to the proof of Lemmas B-H in the Appendix
to Nocke and Schutz (2018). It proceeds as follows. We first show that pricing some (or all)
of the products below cost is strictly suboptimal (Step 1). We then extend the domain of G
to price vectors that have infinite components (Step 2). Combining Steps 1 and 2 allows us
to show that the profit maximization problem has a solution (Step 3). We then show that
there exists a unique price vector satisfying the first-order conditions of profit maximization
(Step 4). Combining Steps 1-4, we can conclude that the profit maximization problem has
a unique solution, and that first-order conditions are necessary and sufficient for optimality.

Step 1: No product is priced below cost. We first argue that firm f’s products are
substitutes. Let n,n’ € f and (4,47") € n x n’ such that i # i'. If n # n’, then

oD;
Opir =F

hHA R, 1Y

7B > 0.

If instead n = n/, then

aD;  BHK, _ 72
o~ H (“‘W Il el

Let p be a price vector for firm f such that p; < ¢; for some product j € N/. Define a new
price vector p for firm f such that for every i € N/, p; = max(c;, p;). When firm f deviates
from p to p, it stops making losses on those products that were originally priced below cost,
and, by substitutability, it makes more profits on those products that were priced above
cost. Therefore, price vector p is not optimal for firm f. When looking for a solution to firm
f’s profit maximization problem, we can therefore confine our attention to price vectors in

[Tjenr ey 00).

Step 2: Defining GG at infinite prices. Let p € HjeNf [cj, 00]. Suppose p has at least
one infinite component, and let (p*);>¢ be a sequence over [ JeNT [¢j, 00) such that p* ]H—OZ .
Let

ff={lef: Jielst. p;<oo}

and

N = [ e N p; < o).

21



Clearly, as k tends to infinity, the denominator of G(p*) tends to?

B

H+> [ > hilhy)

lef’ \jelnNT!

Next, let i € N7\ N/, Let [ € f be the nest that contains product i. Note that, for
every k > 0,

B—1
(o — ) (L)) (Z m@?)) < (0 — e (=) ()"

jel

Under NCES demand,

(PF — ) (=hipE)) (ha(ph))” " < (0 = Day(p)?3=7) — 0.

k—o00
Under NMNL demand,
-1 _ 1 B
0 = cl=HE) (utsh) ™ < Joesp (=) ) 0 0

It follows that
A B—1 ~ ~
N ﬂz:lef/ (Zielm/\/’f/ hl(p’L)) Zjelm/\/’f/(pj - Cj)(_h;<pj>)
oo . \\ B
= HY + Zlef’ (Zielﬂ]\/f’ hi (pl))

We have thus extended the domain of G to [[;cyslcj, o0]. Note that, at p, G' has smooth
partial derivatives with respect to (p;)sens-

G(p") = G(p).

Step 3: The profit maximization problem has a solution. By continuity of G (as
established in the previous step) and compactness of [ [ ;cx[c;, 00], the maximization problem

max G
PElL e prrlesod] ®)

has a solution p. Clearly, p has at least one finite component, for otherwise G(p) would be
equal to zero, as shown above.

Assume for a contradiction that p has some infinite components, and define f’ and N/ as
QG_‘A = 0 for every i € N7’

in the previous step. As p maximizes (G, it must be the case that o

Manipulating the first-order conditions as we did in Appendix B, we obtain the existence of

2By convention, the sum of an empty collection of reals is zero.
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a i/ such that, for every i € N/,

pi — ci pili (pi)

pi - —hi(pi)

Under NCES, (p;h!(p;))/(=hi(p;)) = o, so that jif < o. Moreover, under both NCES and
NMNL demand, ji/ satisfies

=nl.

diep <Zjelrv\/f’ h; (@))ﬁ

0\ P
HY + 3 (Zjelﬁ./\ff’ h; (pj)>

i’ (1—a(l—p) =1+app’ (35)

so that g/ > 1.

Fix a product i € N¥\ N/ and let n € f be the nest that contains product i. For every
x > ¢, let @(x) be the value of G when product i is priced at x and all the other products
are priced according to p. We showed in the previous step that G(z) v G(p). Note that,

for every x € (¢;, 00),

G'(x) = Di x (1 ey B g g (2 — ) (i) + &7 3 e 1 (Bs)

—hi(z) hi(@) + 3 e o iy P (D5)

(1) + ey 1i(32)) (&= e (1) + 8 5w b))

19+ (@) + Sy 10)) + Sy (Seimnen b (0))
D iefin) (Zjelﬁj\/f’ h; (@‘))ﬁ

8 B
HY + (hi(@) + Y equrnenin i 03)) + Siepniny (S hiles)

+5

+Baji!

, (36)

where we have used the simplification derived in equation (18).
We argue that G'(x) < 0 for z sufficiently high. We distinguish two cases. Assume first
that n ¢ f', i.e., p; = oo for every j € n. Then, G'(x) simplifies to

—hi(x)

@) (@ = ) (@) + 6 Srepn oy (S hs(6))”

B
HY + h;(x)8 + Zlef’\{n} (Zjelﬂ/\ff’ hj(pj)>

G'0) = Di (1= (o= e) 24+ (1= e =)

+0

Under NCES demand, (z — 61)% and (z — cz)% tend to o and o — 1, respectively, as
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x goes to infinity, whereas

()" (o = e)(~Hi(a)) = (0 = Va0 225

tends to zero. It follows that the term in parenthesis in equation (37) tends to

R
2te f\{n) (Zjelm/\ff/ hj(pj)>

67
HY + Zlef’\{n} <Zjelﬂj\/f’ h; (pj))

l—o+(1=p8)(c—1)+pap’

which, using equation (35), simplifies to

~Blo-D+a'(1-a(l-p)-1<-fo-1)+o(l—a(l-pH) -1,

1

= —(-sa+-an-8)-(1-a),
=0.

Hence, G'(x) < 0 for high enough z.

Under NMNL demand,
) o e)(-ia) = T3 exp (Floi—0))
and v .
1—(z— Ci>_12§‘8> +(1=B)(z— ci>#§;) =1 §<x — ) — —c.

Hence, we also have that G/(z) < 0 for high enough z.

Next, assume instead that n € f’. Under NCES demand, the term in parenthesis in
equation (36) tends to

dies (Zjelﬂ/\/f’ hj(ﬁj)y

1—o+(1—pB)aip’ + pap’ =
HY + Zlef’ (Zjelm/\/f’ hj(ﬁj))

which, using equation (35), simplifies to
l—o+Q-pap! +if(1-a(1-8)—1=—-0+ il <0,

implying that G’(x) < 0 for z high enough.

Under NMNL demand, the term in parenthesis in equation (36) tends again to —oo, so
that G’(x) < 0 for = high enough.

It follows that G is strictly decreasing over some interval (z°,00). Therefore, G(z°) >
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lim, . G(z) = G(p), and p does not maximize G, a contradiction. Hence, p € [[;cps[cj; o0)
maximizes G, which concludes Step 3.

Step 4: There exists a unique price vector satisfying the first-order optimality
conditions. The analysis in Appendix B implies that the price vector p € [] SN ¢}, 00)
satisfies the first-order conditions if and only if there exists a i/ that is such that for every
i € N7, p; = ri(il), where

o—x

(2) ¢ in the case of NCES,
ri\r) =
Ax + ¢; in the case of NMNL,

and that satisfies

pr(1—a(l—p6) =1+apa’ 5
HY 4+ Sies ( ey hilrs (i)

or, equivalently,
HO/
_ B
HY + Zlef (Zjef hi(r; (Nf))>

il (1—a) =1 - api! (38)

As the left-hand side of equation (38) is strictly increasing, whereas the right-hand side is
strictly decreasing, that equation has at most one solution. By Step 3, that equation has a
solution. Hence, there exists a unique price vector satisfying the first-order conditions.  [J

I Competition Within and Across Nests

In this appendix, we provide a formal treatment of the extension with broad and narrow
firms, introduced in the second part of Appendix B. The appendix is organized as follows.
In Appendix 1.1, we characterize the unique equilibrium of the oligopoly model as the solution
to a nested fixed-point problem, show that the type aggregation property continues to hold,
and perform comparative statics. In Appendix 1.2, we make use of the type aggregation
property to provide a simple conceptual framework for modeling mergers. In Appendix 1.3,
we develop a static analysis of the consumer surplus effects of mergers and show that all the
results derived in the first part of Section 3 continue to hold. In Appendix 1.4, we study the
consumer surplus effects of mergers in a dynamic framework where merger opportunities arise
stochastically over time and show that the result on dynamic optimality of a myopic merger
policy derived in the second part of Section 3 continues to hold. In Appendix 1.5, we examine
whether mergers between narrow firms raise more competitive concerns than mergers between
broad firms. Short proofs are provided in the main text. Longer mathematical developments
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are relegated to Appendix 1.6.

I.1 The Oligopoly Model: Equilibrium Analysis

We know from Appendix H that for broad firms, first-order conditions are sufficient for global
optimality. This implies that the behavior of broad firm f € F? with type T/ can still be
described by the markup, market-share, and profit fitting-in functions m(77/H), S(T'/H)
and 7(T//H) defined in the first part of Appendix B.

Moreover, we know from Lemma XXI in the Online Appendix to Nocke and Schutz (2018)
that first-order conditions are also sufficient for optimality for narrow firms. In the following,
we use this to define firm- and nest-level fitting-in functions, establish equilibrium existence
and uniqueness, and characterize the equilibrium as a nested fixed-point problem. We then
perform comparative statics.

Firm-level fitting-in functions. Let f be a narrow firm operating in nest . We know
from Lemma XXI in the Online Appendix to Nocke and Schutz (2018) that the optimal
prices of firm f satisfy the common (-markup property. Let i/ be the t-markup of firm f € [.
Equation (xxix) in the Online Appendix to Nocke and Schutz (2018), which characterizes
firm f’s optimal --markup as a function of H; and H, can be rewritten as follows:?

-1

8a Zjef hj H_lﬁ
uf

H H’

Djes b
= (1- pa=< 39
(- p)aiet (39)
where, as in Appendix B, a is equal to (0 —1) /o under NCES demand and to 1 under NMNL
demand.
Define firm f’s market share within nest [ as

= Zjef h‘j‘
H,

In the discrete/continuous choice micro-foundation, s/ is the probability that the consumer
chooses a product sold by firm f conditional on having chosen nest [. The market share of
nest [, which also corresponds to the probability that nest [ is chosen, is given by

Hy
S = F
Firm f’s market share at the industry level is therefore given by s/ = 5/s;. Market shares
are still measured in value in the NCES case and in volume in the NMNL case.

3To see how to derive equation (39) from equation (xxix) in Nocke and Schutz (2018), note that under
NCES or NMNL demand, ®;(H;) = Hlﬁ, U(H) =log(H® + H), and v, = ah;.
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Having defined market shares, we can rewrite equation (39) as follows:

. 1
o= ——— :
1—asf (1 -8+ pBs)

(40)

Intuitively, firm f sets a high markup if it has a high market share in its nest or if its nest
commands a high market share at the industry level.
Moreover, it is straightforward to show that

Sy = (T7)7 o),

Jef
where N
S (1-(1—apf)*™% under NCES demand,
=<4
oA under NMNL demand,
and 5
- (Zjef ajc;"’) under NCES demand,

_e\P
(Zjef exp aj/\cj> under NMNL demand.

Firm f’s type, T, has the same interpretation as in the main text: consumer surplus would
be equal to log T/ if firm f were to price all of its products at marginal cost and no other
firm were present in the industry.

Firm f’s market share in nest [ can be rewritten as follows:

™|

f
7= O (a1)

It is straightforward to show that the system of equations (40)—(41) has a unique solution
in (7/,57) € (1,1/(1 — @)) x R, which we denote*

(Tf)% N (Tf)%
lesl .S TI

» S1

Clearly, m and S are smooth on R? .. Moreover, m(-,-) is strictly increasing in both ar-
guments, and S(-) is strictly increasing in the first argument and strictly decreasing in the
second. For some of the proofs, we will also require information on the range of S(-,s;)

for every s; > 0: we have that lim, o S(z,s) = 0 and lim, ,,, S(x,s;) > 1. Finally, as
1 <m(-,-) <1/(1 —a), we have that (1 — §+ 8s,)S(-,s;) < 1 for every s; > 0.

“In the NMNL case (@ = 1), the upper bound 1/(1 — @) is equal to oco.

27



Nest-level fitting-in functions. Let [ € £". The monotonicity properties of S and the
fact that lim, o S(z,s;) = 0 and lim, , S(z,s;) > 1 imply that, for given H > 0, there is a
unique H; > 0 such that

1
S0} w
— | =1 42
29 Hw (42)
fel
(See Lemma XXIII in the Online Appendix to Nocke and Schutz (2018) for a more general
version of this result.) Let H;(H) be the unique solution to this equation. The monotonicity
properties of S also imply that H;(-) is strictly increasing. The function H,(-) allows us to
define the nest-market-share fitting-in function ¥;(-) as
H(H))
>(H) = % (43)
The argument in the proof of Lemma XXIV in the Online Appendix to Nocke and Schutz
(2018) implies that ¥;(-) is strictly decreasing, ¥;(H) > 1 for H sufficiently close to 0, and

Equilibrium condition. The analogue of equilibrium condition (10) is:

0 f
%+ > S(%) +> S(H) =1, (44)

feFb leLn

i.e., the market share of the outside option, the market shares of broad firms, and the market
shares of the nests of narrow firms add up to unity. The properties of the functions S(-)
(derived in the first part of Appendix B) and ¥;(-) (derived above) imply that equation (44)
has a unique solution, which pins down the equilibrium aggregator level H*. Hence, there is
a unique equilibrium.

Profits. It is straightforward to show that the profit of narrow firm f € [, 7/, is given by
7l = apn’s s

Thus, firm f’s profit fitting-in function is given by:

(T7)7

HZ(H)’El(H) s

©/(H) = apm Su(H) | Si(H). (45)
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The formula in the statement of Theorem III in the Online Appendix to Nocke and Schutz
(2018) also implies that

1
sH )| -1 —
Hi(H) o L+ 5 s5m

(46)

We summarize these insights in the following proposition:

Proposition 12. A multiproduct-firm pricing game with broad and narrow firms has a unique
equilibrium. The equilibrium aggregator level H* is the unique solution of equation (44). The
behavior of broad firm f € F° is governed by the fitting-in functions m(-), S(-), and =(-).
The behavior of narrow firm f € l is governed by the fitting-in functions m(-,-), §(, Y, (),
Hi(-), and ().

Comparative statics. The following comparative statics, which may be of independent
interest, will play an important role in our merger analysis:

Proposition 13. Consider a multiproduct-firm pricing game with broad and narrow firms.
Letl € L™ and f € F. In equilibrium, an increase in TV

(i) raises H*,
(i) raises H, and sy,
(#ii) raises Hy and lowers sy for every l' € L™ such that I # 1,
(iv) raises pf, 87, s/, and 77,
(v) lowers p?, §9, and 79 for every g # f in JF,
(vi) lowers p9 (respectively, 1), s9, and 9 for every g € F \ Fi.
Similarly, let f € F°. In equilibrium, an increase in T/
(vii) raises H*,
(viit) raises H; and lowers s; for everyl € L™,
(iz) raises p’, s?, and 7/,
(x) lowers p? (respectively, i9), s9, and 79 for every g € F\ {f}.

Proof. See Appendix 1.6. O
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1.2 Modeling Mergers

As announced in Appendix B, we confine attention to two types of mergers: broad mergers,
which are such that the merger partners and the merged firm are all broad firms; and narrow
mergers, which are such that the merger partners and the merged firm are all narrow firms
operating in the same nest. Regardless of whether a merger is broad or narrow, the type
aggregation property implies that the post-merger type T is a sufficient statistic for the
behavior of the merged firm. We therefore continue to be agnostic on whether a given merger
leads to new products being introduced (or old products being withdrawn) by the merged
firm, or whether the qualities and unit costs of the merged firms’ pre-existing products
increase or decrease. We continue to assume that the product portfolios of non-merging
firms are unaffected by the merger.

As in Section 2, a broad merger M between the firms in M involves synergies if the

™ > ZTf.

fem

post-merger type satisfies

The definition of types for narrow firms in Appendix .1 implies that a narrow merger M
between the firms in M involves synergies if

(TM)5 > ().

fem

I.3 Consumer Surplus Effects of Mergers: Static Analysis

As the behavior of broad firms is still driven by the fitting-in functions S(-), m(-), and 7(-), the
analysis in the first part of Section 3 applies to broad mergers. Specifically, Propositions 2—4
all apply to broad mergers. The objective of this subsection is to prove the analogues of
those propositions for narrow mergers.

Existence of the cutoff type Consider a narrow merger M between the firms in M C F
and let TM denote the post-merger type of the merged firm. Let H* denote the pre-merger
equilibrium aggregator level. The pre-merger equilibrium level of the nest-I aggregator is
denoted H;. Suppose that T satisfies

(@ (H)P\ = (T (H)
S( Hl*’H*>_ZS<Hl*’H*>' (47>

fem

Then, at H*, nest [ continues to deliver a contribution to the industry aggregator of (H;)”.
As other nests are not directly affected by the merger, they continue to provide their pre-
merger contribution to the industry aggregator. It follows that industry-level market shares
continue to add up to unity. Therefore, H* continues to be the equilibrium aggregator level
and merger M is CS-neutral.

30



The fact that (0,1) C S (R, s;) and that S (-, ;) is continuous and strictly increasing
implies that equation (47) has a unique solution in 7™, denoted ™ (Hf, H*).

If TM is strictly greater than 7™, then, by Proposition 13, the post-merger equilibrium
aggregator level strictly exceeds H* and the merger is CS-increasing. The same argument
implies that the merger is CS—cllecreasing if TM < TM

We now show that (fM ) s> rem(T! )7. As S is strictly sub-additive in its first

argument (see Lemma 30 in Appendix 1.6), we have that

- Ti\5 H) _((TH3s H)
(g ) (o )

feMm fem

g
Thus, at TM = (Z fe (1! )%) , the left-hand side of equation (47) is strictly lower than
the right-hand side. As that left-hand side is strictly increasing in 7™, it follows that

1
(T M ) >3 feMm (T’ )% In other words, a CS-nondecreasing merger must involve synergies.
We summarize these insights in the following proposition, which is the analogue of Propo-
sition 2:

Proposition 14. For a narrow merger among the firms in M C JF;, there exists a unique

B
i s (zm;)

fem

such that the merger is CS-neutral if the post-merger type satisfies TM = fM, CS-decreasing
if TM < TM and OS-increasing if T > T™.

Impact of the intensity of competition on the cutoff type Our goal is to prove the
analogue of Proposition 3 for narrow mergers. That is, we want to show that a narrow merger
requires fewer synergies to be CS-neutral if the merging firms operate in a more competitive
environment. Compared to what we do in Section 3, the difference is that from the point of
view of firm f € [, the intensity of competition is now captured by two aggregators: H;" and
H*. (Lemma 29 in Appendix 1.6 indicates that firm f does perceive an increase in H;" as
competition becoming more intense as m (T7/H;, (H;)?/H*) is decreasing in H;.)
We first show that the cutoff type ™ (H}, H*) decreases with H*:

Proposition 15. For a narrow merger M between the firms in M C JF;, the cutoff type
TM (H;, H*) is strictly decreasing in H*.

Proof. See Appendix 1.6. O

Next, we show that the cutoff type ™ (H/, H*) decreases with H}:
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Proposition 16. For a narrow merger M between the firms in M C JF;, the cutoff type
TM (H;, H*) is strictly decreasing in H;.

Proof. See Appendix 1.6. O

A final thought experiment is to raise H; while holding fixed (H;)?/H*, the market share
of nest [:

Proposition 17. Consider a narrow merger M between the firms in M C F;. For every
S € <07 1);
oT™ (H}, H*)

<0.
OH;

(H})B/H*=s

Proof. This boils down to showing that H; — ™ (Hl, Hf / sl> is strictly decreasing, which
holds true by Propositions 15 and 16. O]

Impact of pre-merger types on the cutoff type We now prove the analogue of Propo-
sition 4 for narrow mergers. That is, we show that narrow mergers involving larger firms
require larger synergies to be CS-nondecreasing, holding fixed the pre-merger aggregator
levels:

Proposition 18. Consider a narrow merger between the firms in M = {f, g} C F, resp.,
M ={f, ¢} C Fi, where TV > T and T9 > TY. Then, the “larger” merger M requires
larger synergies than M', in the sense of a larger fractional increase in type:

L
(T1)F + (1)} (1)

=
=

) )

==y
w1

=

+(19)

This in turn implies that the larger merger requires a larger absolute increase in type:
(T3 = ((17)5 4 (T9)F) > (T8 = ((17)8 +(19)3).

Proof. The argument in the proof of Proposition 4 relies solely on the following properties
of S(+): S(:) is smooth, positive, concave, strictly increasing, and sub-additive; &(-), the
elasticity of S(-), is strictly decreasing; S”(-)/(S'(-))? is strictly decreasing. As S(-, s;) satisfies
the same properties (see Lemmas 30 and 33 in Appendix 1.6) for every s; and as the argument
s; does not vary in the statement of the proposition, the same argument can be applied to
obtain the proposition. O

I.4 Consumer Surplus Effects of Mergers: Dynamic Analysis

The dynamic framework is the same as in the second part of Section 3. To ensure that the
static results derived in Section 3 and Appendix 1.3 apply, we assume that every merger is
either broad or narrow.
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As in the main text, our goal is to establish the dynamic optimality of a CS-maximizing
merger policy. The analysis proceeds in two main steps. First, we show that the myopi-
cally CS-maximizing merger policy maximizes discounted consumer surplus if all feasible but
not yet approved mergers are proposed in each period. Second, we show that there exists
a subgame-perfect equilibrium in which all feasible but not yet approved mergers are in-
deed proposed in each period. Moreover, any subgame-perfect equilibrium induces the same
optimal sequence of period-by-period consumer surpluses.

We begin with the following observation:

Lemma 20. Suppose a broad or narrow merger takes place. If the merger is CS-increasing
(resp. CS-decreasing), then H* and H increase (resp. decrease) for every nest l € L. If it
is CS-neutral, then H* and H] remain constant for every nest | € L.

Proof. Consider a broad or narrow merger M between the firms in M. If TM = TM  then,
by definition of the cutoff type, the merger is CS-neutral and the merger affects neither
the industry aggregator nor the nest-level aggregators. If 7™ increases above ™ , then
the industry aggregator and the nest-level aggregators increase strictly by Proposition 13.
Therefore, a CS-increasing merger raises all aggregators strictly. The same argument implies
that a CS-decreasing merger lowers all aggregators strictly. O]

Next, using Lemma 20 and Propositions 3, 15, and 16, we establish the sign-preserving
complementarity between CS-nondecreasing (resp. CS-nonincreasing) broad or narrow merg-
ers, extending Lemma 1:

Lemma 21. If broad or narrow merger My is CS-nondecreasing in isolation, it remains
CS-nondecreasing if another broad or narrow merger My, k' # k, that is CS-nondecreasing
in isolation takes place. If broad or narrow merger My is CS-decreasing in isolation, it
remains CS-decreasing if another broad or narrow merger My, k' # k, that is CS-decreasing
i isolation takes place.

Proof. A CS-nondecreasing merger weakly raises the industry aggregator and all nest ag-
gregators by Lemma 20. Hence, such a merger weakly lowers the cutoff types of all other
mergers by Propositions 3, 15, and 16. The same argument implies that a CS-nonincreasing
merger weakly raises the cutoff types of all other mergers. O]

Lemma 2 extends trivially:

Lemma 22. Suppose that broad or narrow merger My is CS-nondecreasing in isolation
whereas broad or narrow merger My is CS-decreasing in isolation but CS-nondecreasing once
merger My has taken place. Then, merger My is CS-increasing conditional on merger My
taking place.

Combining the argument in Lemma 4 in Nocke and Whinston (2010) and Lemmas 21 and
22, we obtain the analogue of Lemma 3:
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Lemma 23. Suppose that all feasible but not yet approved mergers are proposed in each
period. Then, the myopically CS-maximizing merger policy mazximizes discounted consumer
surplus, no matter what the realization of feasible mergers is.

Next, we turn to the second part of our analysis. That is, we show that there always exists
a subgame-perfect equilibrium in which, in each period, every feasible but not yet approved
merger is proposed for approval.

We begin by showing that a CS-nondecreasing merger is privately profitable, extending
the profitability result in Proposition 2:

Lemma 24. A CS-nondecreasing broad or narrow merger is privately profitable in that it
strictly raises the joint profit of the merger partners, holding fixed the market structure among
outsiders.

Proof. See Appendix 1.6. O

The second step is to extend Lemma 4. That is, we want to show that a CS-nondecreasing
merger is still privately profitable even if it induces (directly or indirectly) other mergers to
become CS-nondecreasing, resulting in their approval. The following observation will be
useful:

Lemma 25. A CS-increasing (resp. CS-decreasing) broad or narrow merger lowers (resp.
raises) the equilibrium profits of every outsider. A CS-neutral merger does not affect out-
siders’ profits.

Proof. Consider a broad or narrow merger M between the firms in M. Suppose that the
post-merger type T is equal to ™ , so that merger M is CS-neutral. As the merger affects
none of the aggregators by Lemma 20, it has no impact on the profits made by rival firms.
Starting from this outcome, a CS-increasing merger is formally equivalent to increasing the
post-merger type above T™ . We know from Proposition 13 that this results in lower profits
for all rivals. The same argument implies that a CS-decreasing merger raises the profits of
every outsider. O

We obtain the analogue of Lemma 4:

Lemma 26. Suppose that broad or narrow merger My is CS-nondecreasing given current
market structure whereas broad or narrow merger My is CS-decreasing but becomes CS-
nondecreasing once My has been implemented. Then, the joint profit of the firms in My is
strictly higher if both mergers take place than if none does.

Proof. Given Lemmas 22, 24, and 25, the argument is exactly the same as in the proof of
Lemma 4. [

Combining the results shown above with a backward induction argument, we obtain the
main result of this subsection, extending Proposition 5:

34



Proposition 19. Suppose that the antitrust authority adopts the myopically CS-maximizing
merger policy. Then, all feasible mergers being proposed in each period after any history is a
subgame-perfect equilibrium. The resulting outcome maximizes discounted consumer surplus,
no matter what the realized sequence of feasible mergers. Moreover, every subgame-perfect
equilibrium results in the same optimal level of consumer surplus in each period.

I.5 Comparing Broad and Narrow Mergers

Fix a vector of industry-level market shares (s/);ca, where M is a finite set containing at
least two elements. In this subsection, we study whether a merger between the firms in M
requires more or fewer synergies to be CS-neutral, depending on whether the merger is broad
or narrow. Let 5 = ) FeM s/ be the combined industry-level market share of the merger
partners. If the merger is narrow, let s; > 5 be the market share of the nest where the merger
partners are operating.

The case of NMNL demand. Suppose first that merger M is a broad merger. The
cutoff type that makes this merger CS-neutral satisfies

where we have used equations (5) and (9). It follows that

™
—— =3ex .
"1 3

Similarly, the pre-merger type of firm f € M satisfies

T
H

1
1—sf

= s’ exp

The required synergy level for the broad merger is therefore given by

M < 1
T; SexXp 1=

= 7 = -
Yrem Ty Xpemstexp g

Ey

Next, suppose instead that the merger is narrow. The cutoff type satisfies

s_myr 1
s H P 1—(1—5+58l)§l ’
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where we have used equations (26) and (27). It follows that

S 1
= —€X —.
Hl S pl—(l—ﬁ—}—ﬁsl)i

S1

=
5
=

Similarly, the pre-merger type of firm f € M satisfies

(T,{) st 1
= —exp -
(1t )

=

H l S1
This pins down the required synergy level as

_ 1 B
T™M S EXp 1—(1-B+Bs) <

1\ B f R
(ZfeM (Tv{)ﬁ> 2ogem ST X 1—(1—5+85) 2

Comparing E, and FE,,, we obtain:

Lemma 27. Consider two equivalent broad and narrow mergers. Let s be the combined
pre-merger industry-level market shares of the merger partners and s; the pre-merger market
share of the narrow merger’s nest. Suppose that demand is of the NMNL type and that
sf /s < 3/4 for every f.

There ezists a threshold s, € (5,1) such that the broad merger requires fewer synergies
than the narrow one, E, < E,, if s; < §;, whereas the opposite is true if s; > 5.

Proof. See Appendix 1.6. O

Note that the condition that s//s; < 3/4 for every f is automatically satisfied if the
merger partners are symmetric, implying Proposition 11 in the case of NMNL demand.

The case of NCES demand Suppose the merger partners are symmetric: s/ =3/N for
every f, where N is the number of merging firms. If merger M is a broad merger, then the
cutoff type satisfies

T™ —a\T=
T 1_1 a_ ’
H 1—as
TM _[11-—as5\T=
—— =3 - .

H al-—75

Similarly, the pre-merger type of every merger partner satisfies

ie.,
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The required synergy level for the broad merger is therefore given by

TM  (1—a51-% \T°
Ey= -t = - )
NT, \1-51-a%

Using the fact that a = af/(1 — a(1 — B)) and simplifying, we obtain:

Eb:<1—&(1—5+5§) -5 >l_a.

1-3 1-a(l-B8+p8%)

Next, suppose instead that the merger is narrow. The cutoff type satisfies

s _ (@[ 1-a

S] Hl 1—&(1—5+ﬁ81)§l ’
ie., _
(T} s (11-a(- B+ ps) g\

Hl Si a 1—(1—6+ﬁ81)§l .

Similarly, the pre-merger type of every merger partner satisfies

(T)7 s 11-a(1 =B+ Bs)yy =
H, Ns al_(l_BJrBSl)NiSl .

This pins down the required synergy level for the narrow merger as

E, =

™  [(1-a(l =B+ Bs)E 1— (1= B+ fs)5; a8

s
Comparing E, and E,,, we obtain Proposition 11 in the case of NCES demand:

Lemma 28. Consider two equivalent broad and narrow mergers involving symmetric firms.
Let 5 be the combined pre-merger industry-level market shares of the merger partners and
sy the pre-merger market share of the narrow merger’s nest. Suppose that demand is of the
NCES type.

There ezists a threshold s; € (5,1) such that the broad merger requires fewer synergies
than the narrow one, Ey, < E,,, if s; <8, whereas the opposite is true if s; > 3.

Proof. See Appendix 1.6. O]
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1.6 Technical Lemmas and Proofs

We begin by stating and proving a series of technical lemmas on the properties of fitting-in
functions. The following lemma will be used in the proof of Proposition 13:

Lemma 29. The mapping H; — m ((Tf)%/Hl, Hf/H) is strictly decreasing.

Proof. Note that®

d (@) m)\ _ 1 @) (@) o5\ | H (1) H
dH,m< A A A S R A b N

Thus, all we need to do is show that Sydom(x,y) — xOym(z,y) < 0. Totally differentiating
equations (40) and (41), we obtain:

—as(1—B) (1 — (1 - B+ By)s)(1+ By)
(1-a(1—B+By)s)(1—(1—B+PBy)s+al—p+py) s2)

ByOem(x,y)—xoim(z,y) =

where s = S(x,y). The above expression is clearly negative as (1 — 8+ fy)S(x,y) <1. O
The following lemma will be used in the proof of Propositions 14 and 18:
Lemma 30. g(, s1) 1is strictly concave. Therefore, it is strictly sub-additive.

Proof. Applying the implicit function theorem to equations (40) and (41), we obtain:

5.5.9) S(x,y) (1— (1 —5+6y)5(:v,y)> (1—&(1—ﬁ+6y)§(ﬁf,y)>
10T, Y) = — — .
v (1= (1= B+ By)S(w,y) + a1 = B+ By)*S(w,y)?)

(48)

Differentiating equation (48) with respect to = and plugging in the value of 0,5 (z,y) from
that same equation yields:

5. 5(a.y) = B0 =B+ By) (2= (1= B+ By)s) (1= (L= B+ By)s) (L~ (1= 5+ fy)s)
e —22(1— (1 — B+ By)s +a(l — 6+ By)?s?)’

)

where s = g(x,y) As (1-— 6+5y)§(z, y) < 1, it follows that Gflg(x,y) < 0 and that §(, Y)
is strictly sub-additive. O

The following lemma will be used in the proof of Proposition 15:

Lemma 31. For every (z,y), 02S5(z,y) = —C (5(m,y)>, where

aBs?
1—(1—=38+py)s+a(l -3+ py)s?

®Notation: Oy f is the partial derivative of f with respect to its k*" argument; 02, is the (cross-)partial
derivative with respect to arguments k and [.

((s) =
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Moreover, ¢ is strictly super-additive on the interval (0,1/(1 — B+ By)) for every (a, B,y) €
(0,1] x (0, 1)%.

Proof. The fact that 9,5 (x,y) =—C <§ (x, y)> follows immediately by applying the implicit
function theorem to equations (40) and (41). Note that establishing the strict super-additivity
of ¢ on (0,1/(1 — B+ By)) is equivalent to establishing the strict super-additivity of

82

Cls) = 1—s+as?
on (0,1) for every s € (0, 1), which we undertake next.

Note that ¢”(s) has the same sign as P(s) = 1 — &(3 — s)s2. The polynomial P is strictly
decreasing on [0,1]. Hence, if @ < 1/2, then P(s) > 0 for every s € [0,1) and ( is strictly
convex on (0,1). If instead & > 1/2, then P(1) < 0 and there exists a unique §(a) € (0,1)
such that P(s(a)) = 0. It is easy to check that P(1/2) > 0, so that §(a) > 1/2 for every
a>1/2.

To sum up, if @ < 1/2; then 5 is strictly convex and hence strictly super-additive on
(0,1). If instead & > 1/2, which we assume in the following, then ¢ is strictly convex on
(0, () and strictly concave on (§(a),1). We want to show that, for every n > 2, s € (0, 1),
and (8;)1<i<n € (0,5)" such that S0 s; = s, S0 {(s5) < {().

Let s € (0,1). Define

S" = {(Si)1<i<n € [0,s]": Zsi = s}, Vn > 1,
=1

and § = US",

n>1

and consider the following maximization problem:

n

max Z C(s;). (49)

(si)1<i<n€S 4
i=1

We need to show that (s;)1<i<, € S solves the above maximization problem if and only if
s; = s for some 1.

An induction argument similar to the one in the proof of Proposition 7 implies that, for
every (8;)1<i<n € S with at least three strictly positive components, there exists (s;);<;<2 € S*
such that 327, C(s;) < C(s}) + C(sh). As, by continuity and compactness, the maximization
problem

max  ((s1) +((s2) (50)

(s1,82)€8?

has a solution, we can conclude that maximization problem (49) has a solution, and that any
solution has at most two strictly positive components. All we need to do now is show that
maximization problem (50) has exactly two solutions: (s,0) and (0,s). This boils down to
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showing that arg maxycp o x(A) = {0, s}, where x(\) = C(A) 4 C(s—A). Routine but tedious
calculations show that this is the case, as x is strictly decreasing on (0,s/2) and strictly
increasing on (s/2,s). O

The following lemma will be used in the proof of Proposition 16:

Lemma 32. For every (z,y), —x01S(x,y) + BydaS(z,y) = ¢ (g(x,y)>, where

os) = =5+ =52 (14 By)Gs),

where ¢ was defined in Lemma 31. Moreover, ¢ is strictly super-additive on the interval

(0,1/(1 = B+ By)) for every (a,B,y) € (0,1] x (0,1).

Proof. The fact that —x@lg(x,y) + Byagg(x,y) = ¢ (Q:c,y)) follows immediately by ap-
plying the implicit function theorem to equations (40) and (41). The strict super-additivity

of ¢ follows as ¢ is the sum of a linear function and a strictly super-additive function (recall
Lemma 31). O

The following lemma will be used in the proof of Proposition 18

Lemma 33. For every (z,y), let &(z,y) = 20,5(x,y)/S(z,y). Then, &(-,y) is strictly de-
creasing. Moreover, 9115(-,y)/ (615( )) is strictly decreasing.

Proof. Equation (48) implies that
(1= =B8+8S(.y) (1 -a( - B+ 8y)S(x.y)
L= (1= B+ By)S(a,y) +a(l -5+ By)S(x,y)?

Differentiating this with respect to z yields:

ez, y) =

—a1—5+6w(1—a0—5+6w S(@ w)
<1—(1—5+6y) (my)-i—a(l_ﬂ-l—ﬁy)QS( ))

815 (x,y) = 5015(x,y),

which is strictly negative.

- - 2
Using equation (48), we also obtain an expression for dy15(z,y)/ (815 (z, y)) ;

BSD __p+) - -+ 40800) (-0 -+ )5009)

x (1=a(1= g+ 8. (1- (1= 8+ 89)S(,y) + a1 - B+ 6y)*S(w,9)?) )
which is strictly negative. O]
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Proof of Proposition 13. Let [ € L™ and f € F;. In this proof, we make explicit the depen-
dence of the fitting-in functions Hy(-) and Xy (-) on T by writing Hy (-, T7) and Xy (-, TY)
for every I’ € L™. The equilibrium values of all variables are denoted with a star superscript.

As Sis increasing in the first argument and decreasing in the second argument, an increase
in T/ raises the left-hand side of equation (42). As that left-hand side is strictly decreasing
in Hy, it follows that H;(H,TY) is strictly increasing in T/. Hence, ¥(H,T7) is strictly
increasing in 77. By contrast, the increase in 77 leaves the left-hand side of equation (42)
unaffected for nests I’ # [. It follows that for I’ # [, Hy(H,T’) and ¥y (H,T/) are both
constant in T. This immediately implies that the left-hand side of equation (44) increases
as T increases. As that left-hand side is strictly decreasing in H, it follows that H* is strictly
increasing in 77, which proves part (i) of the proposition.

Let I’ € L™ such that I' # . As Yy (H,TY) decreases with H but is constant in 77, we
immediately have that s}, is strictly decreasing in T7. Similarly, as Hy(H,T7) increases with
H but does not depend on T, we also have that Hj; is strictly increasing in 7. This proves
part (iii) of the proposition.

As the fitting-in functions m(-), S(-), and 7(-) are all decreasing, and as H* is increasing
in 77, it follows that p*9, s*9, and 7*9 are all strictly decreasing in T/ for every g € F°. Next,
let I" € £\ {l} and g € I'. Firm ¢’s equilibrium -markup p*9 is given by ﬁ@((Tg)%/ by Sh).
As m is increasing in both arguments, and as both arguments are decreasing in 7, it follows
that 1*¢ is strictly decreasing in 7. Combining this with the fact that s}, is decreasing in T/
and using equation (46) allows us to conclude that 7*9 is strictly decreasing in 77. Assume for
a contradiction that s*9(T/') > s*9(T7) for some T > T/, As s;,(T") < s3,(T7), it must be
the case that 5*9(T/") > 5*9(T/). Using equation (40), this implies that g*9(T/") > p*9(T7),
which contradicts the fact that i*9 is strictly decreasing in 7. Hence, s*9 is strictly decreasing
in T7. This proves part (vi) of the proposition.

We have shown above that s}, is strictly decreasing in 77 for every I’ € £\ {/} and that
s*9 is strictly decreasing in T/ for every g € F°. As the equilibrium market share of the
outside option, H°/H*, is non-increasing in T and as market shares must add up to unity,
it follows that s} is strictly increasing in TY. Moreover, as H;(H,T”) is strictly increasing in
both of its arguments, we also have that H; is strictly increasing in T, which proves part
(ii) of the proposition.

Let g € F; such that g # f. Firm ¢’s equilibrium market share in nest [, s*9, is given by
S((T g)% JH,s7). As S is strictly increasing in its first argument and strictly decreasing in
its second argument, and as (79 )% /H and s} are respectively strictly decreasing and strictly
increasing in T, it follows that 5*9 is strictly decreasing in 7. Moreover, as market shares
within nest [ add up to unity, we have that 5*/ is increasing in 7. Combining this with the
fact that s} is increasing in T and using equations (40) and (46) allows us to conclude that
s*', ¥’ and 7/ are all strictly increasing in T, which proves part (iv) of the proposition.

Finally, we prove part (v) of the proposition. Let g € [ such that g # f. We have already
shown that 5*9 is strictly decreasing in 7. Firm ¢’s equilibrium s-markup, p*9, is given by
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m <(T9)%/Hl*, (Hl*)ﬁ/H*>. This expression is strictly decreasing in H; (by Lemma 29) and
H* (as m is strictly increasing in its second argument). As H;" and H* are both increasing

in T/, it follows that [i*9 is strictly decreasing in 7. To show that 7*9 is strictly decreasing
in 77, define

HOY(T =H+ S (HTH) + Y HY(T)S (T)

veLm\{iy freFr

and X
HEQ(Tf) — Z (Tf’>ﬁ w (/j*fl(Tf)> )
freriMg}

We have shown that the second term in the definition of HY,(T7), which represents the
contribution of nests I’ € £™\ {I} to the industry aggregator, increases with 7. Similarly,
the third term in the definition of H°,(T7), which represents the contribution of broad firms
to the industry aggregator, is also increasing in 7Y as broad firms lower their -markups as
T/ increases. Hence, H° (T7) is strictly increasing in 77,

Next, we argue that H° (Tf ), the contribution of firm ¢’s rivals to the nest aggregator H,
also increases with 77, Clearly, (T’ )W ( (17 )) is increasing in T7 for every f' # f as !/’
is strictly decreasing in 7. Moreover, we also have that (T)5¢) (H(T7)) = Hy (T1)s*(T7)
increases with 7/ as H; and 5*/ are both strictly increasing in T7/. Therefore, H° (T7) is
strictly increasing in T/,

The profit of firm g when it sets a (-markup of 19 is given by:

B-1

(Hoy(T1) + (T2)5 (i)

(H2,(1) + Ty o)) + HO(F)

T, T') = aB(T9) % i (i)

which is strictly decreasing in H° (T7) and H,(T7) and thus strictly decreasing in 7.
Combining this with a standard revealed profitability argument, we can conclude that firm
g¢’s equilibrium profits fall as T rises. This proves part (v) of the proposition.

The proof of parts (vii)—(x) is analogous and therefore omitted. O

Proof of Proposition 15. Fix H; and let

oo (D7 H s(@)s m
&(T ,H)_S<T,F>—ZS< 7 ’F)‘

fem

Note that £(T™, H) = 0 if and only if T™ = T™ (H,, H). Moreover, &:¢ > 0. All we need to
do is show that 9,6(T™, H) > 0 whenever £(T™, H) = 0. The proposition will then follow
by the implicit function theorem.
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Let (T™, H) such that £&(T™, H) = 0. Note that

f% 8 _ M\s 7B
0.6(T" 1) - (Z .5 ( Z)—azs((THf H—é))

fem

) B D)

> 0,

where we have used the function ¢ defined in Lemma 31 and the inequality follows from the
fact that ( is super-additive and

~(@hs B\ (@) H
5 ) -5 ()

feMm

as £(TM H) = 0. O

Proof of Proposition 16. The approach is similar to the one used in the proof of Proposi-
tion 15. Fix H, and define

. (™5 HP ~((THys HP
-5 (5 ) g (52 )

fem

Note that £(T™, H)) = 0 if and only if TM = TM(H,, H), and that ;¢ > 0. We need to
show that 0.£(T™, H;) > 0 whenever £(TM, H;) = 0.
Let (T™, Hy) such that (T, H;) = 0. Note that

wo L@ w1 B
82€(T 7Hl> - Hl ( Hl 815 Hl ) H +ﬁHaQS Hl ) H
(L@, S (@D B H (@) H
Z( 7 0,8 AR +5Ha25 7R .
fem

Hence, using the function ¢ defined in Lemma 32,

- M5 8 ~ L8
s () (5 4)

where the inequality follows from the fact that ¢ is super-additive and

(@ B\ (@) H
ZS( H, ’F>_S< H, F) =

fem
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Proof of Lemma 24. The fact that a CS-nondecreasing broad merger is privately profitable
follows immediately from the argument in the proof of Proposition 2.

Consider next a narrow merger M between the firms in M C F;. We first show that the
merger is profitable if it is CS-neutral, i.c., if 7™ = TM. As T™ > T/ for every f € M, and
as the merger affects neither H;" nor H*, we have that firm M’s -markup strictly exceeds
the pre-merger -markup of every merger partner, i.e., i > i/ for every f in M. Moreover,
as the merger affects neither H; nor H*, it does not affect s;. Finally, by definition of T™ ,
we also have that the market share of firm M in nest [ is equal to the sum of the pre-merger
market shares of the merger partners, i.e., s =3 fem s/, Tt follows that

M =appMsts,

o(g)-

fem

(g

fem

=> =l

fem

The merger is therefore profitable. Moreover, by Proposition 13, firm M makes even more
profits if its type is T™ > T™. It follows that a CS-nondecreasing merger is profitable. [

Proof of Lemma 27. The proof proceeds in several steps. We first show that F, < E,, when
s; = 3. Next, we show that Ej, > E, when s, = 1. Finally, we show that E,/E, is strictly
increasing in s;.

Assume that s; = 5 and define

1
— (1= B+ ps)sl

W(g) = Blog Y & exp -

fem

where 5/ = s/ /5. Note that E,/E, = exp (¥(1) — ¥(8)), so all we need to do is show that
VU is increasing. Differentiating ¥ with respect to S yields:

BI(-5) =f 1
v(g) = 2O _ M (Caprpmer P TR
= - )
B Zfefvls CXP I-a—p+p

As ¥ (B)/B > 1, a sufficient condition for W'(3) to be positive is that

B35t (1—3)
(1—(1— B+ B5)37)°

for every f. This condition is equivalent to s/ being no greater than 3(s, 3) for every f,

44



where

2—6(1-35)—/B(1—-73)(4- 3&1—@)

2(1-6(1-3))°
We find that § achieves its global minimum at § = 5/16 and 8 = 16/33. The minimized
value of § is 3/4. Hence, ¥'(8) > 0 provided 5/ < 3/4 for every f. This concludes the first
step of the proof.

5(5,8) =

Next, assume that s; = 1. Then, E, simplifies to

— B
Sexp %g s
2em s’ eXp 17

As E, > 1 and 8 < 1, it follows that E, < Ej, which concludes the second step of the proof.
For the third step of the proof, note that for every s; € (5, 1), E,, can be rewritten as

-8B
sf 1 1
En: E — €eX _ _ ‘
<feMSep<1_(1—5+5sz)% 1—<1—5+5sz)§)>

Moreover,

K2 1 B 1 B
Osi \1—(1—B+Bs)s 1-(1-B+B8s)2)
1-8 5 B s/

st (1—(1_5+ﬁ%oi)2 (1—(1_5+ﬁ%0%>2 ;

which is strictly positive as 5 > sf. It follows that E, is decreasing in s;. As FEj, does not
depend on s, this implies that E,/F,, is increasing in s;. O
Proof of Lemma 28. Note that Ey/E, = (\II(SZ,E))%, where

1—a(l— B+ f3) 1- £ 1—(1=B+8s)s 1—a(l— B+ Bsi)ys

1-3 1—aﬁ—ﬁ+5“1—&ﬂ—ﬁ+&m51—ﬂ—ﬁ+5sz

@(Sl,g)

Note that E,/E, > 1if ¥(s;,5) > 1, and E,/E, < 1 if ¥(s,5) < 1. Routine but tedious
calculations show that (s, 5) < 1, ¥(1,5) > 1, and 0¥ /Js; > 0, which proves the lemma. [
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